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Abstract
In this paper, we define q-analog of the generalized harmonic numbers Hn(α) and the
generalized hyperharmonic numbers of order r, Hr

n(α), and obtain some sums involving
these numbers. Finally, we examine new applications of an n × n matrix An = [ai,j ] with
the terms ai,j = Hr

i (j, q).

Mathematics Subject Classification (2010). 05A10, 05A30, 11B65

Keywords. generalized harmonic number, hyperharmonic number, q-analog

1. Introduction
The harmonic numbers are defined by

H0 = 0, Hn =
n∑

k=1

1
k

for n = 1, 2, ....

These harmonic numbers are studied in various branches of number theory and combi-
natorial problems. There are some generalizations of the harmonic numbers Hn. The
generalization of harmonic numbers, called as hyperharmonic numbers, are introduced
[3, 4, 9, 12].

Benjamin et al. [3] defined the hyperharmonic numbers of order r, Hr
n, as follows: For

n, r ≥ 1,

Hr
n =

n∑
k=1

Hr−1
k ,

where for n ≥ 1, H0
n = 1

n and for r < 0 or n ≤ 0, Hr
n = 0.

From the definition of Hr
n, it is clear that

H0
1 = 1 and H1

n =
n∑

k=1

1
k

= Hn.

The authors gave the identities

nHr
n =

(
n + r − 1

r

)
+ rHr+1

n−1 and Hr
n =

n∑
k=1

(
n + r − k − 1

r − 1

)
1
k

.
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Conway and Guy [5] obtained these numbers by taking successive partial sums of harmonic
numbers. They gave the hyperharmonic numbers in terms of ordinary harmonic numbers
as shown

Hr
n =

(
n + r − 1

r − 1

)
(Hn+r−1 − Hr−1).

Considering the n × k matrix Gr =
[
Hr+j−1

n+1−i

]
, Bahşi and Solak [2] obtained relation

between Pascal matrix and the matrix Gr, and the determinant of the n × n matrix Gr.
Using the generalized harmonic numbers of order m, Hn,m =

n∑
i=1

1
im , Ömür and Koparal

[11] defined two n × n matrices Bn and Kn with bi,j = Hr
i,j and ki,j = Hj

i,m, respectively,
where Hr

n,m are the generalized hyperharmonic numbers of order r. They gave some new
factorizations and determinants of the matrices Bn and Kn.

Definition 1.1. [6] For every ordered pair (α, n) ∈ R+ × Z+, the generalized harmonic
numbers Hn(α) are defined by

Hn(α) :=
n∑

k=1

1
kαk

.

For α = 1, the usual harmonic numbers are Hn(1). There exists integral representation

in the form Hn(α) =
1∫

L(α)

1−(1−x)n

x dx with L(α) := 1 − 1
α .

Ömür and Bilgin introduced the generalized hyperharmonic numbers for the generalized
harmonic numbers Hn(α) =

n∑
k=1

1
kαk .

Definition 1.2. [10] The generalized hyperharmonic numbers of order r, Hr
n (α) , as fol-

lows: For r < 0 or n ≤ 0, Hr
n (α) = 0 and for n, r ≥ 1,

Hr
n (α) =

n∑
k=1

Hr−1
k (α) ,

where H0
n (α) = 1

nαn .

They wrote the generalized hyperharmonic numbers of order r, Hr
n (α) as sum of the

fractions 1
kαk as follows: For every ordered pair (α, r) ∈ R+ × Z+, then

Hr
n (α) =

n∑
k=1

(
n + r − k − 1

r − 1

)
1

kαk
.

The q−analog of positive integer n is defined as

nq = [n]q :=
n−1∑
k=0

qk = 1 − qn

1 − q
,

where q ̸= 1. Also [0]q = 1. Let n and m denote integers. Then the q−binomial coefficients
are defined by [

n

m

]
q

=
{

nq !
mq !(n−m)q ! if 0 ≤ m ≤ n ,

0 otherwise,
where nq! = 1q2q...nq.

The q−analogs of the well-known binomial identities are given as follows ([1, 7, 13]):[
n

k

]
q

=
[
n − 1

k

]
q

+ qn−k

[
n − 1
k − 1

]
q

,
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[
n

k

]
q

=
[
n − 1
k − 1

]
q

+ qk

[
n − 1

k

]
q

,

n−m∑
k=p

q(k−p)(m+1)
[
k

p

]
q

[
n − k

m

]
q

=
[

n + 1
p + m + 1

]
q

, (1.1)

and q-analog of Vandermonde identity is
∑

k

qk(m+k−t)
[

m

t − k

]
q

[
n

k

]
q

=
[
m + n

t

]
q

, (1.2)

where max(0, t − m) ≤ k ≤ min(n, t).
Two q-analogs of Hn(α) are given by, for 1 ≤ n,

Hn(α, q) :=
n∑

k=1

1
kqαkq

,

and

H̃n(α, q) :=
n∑

k=1

qk

kqαk1/q
.

By means of q−difference operator, Kızılateş and Tuğlu[8] derived q−analogue for
several well known results for harmonic numbers and gave some identities concerning
q−hyperharmonic numbers. For example,

n−1∑
k=m

qk−m

[
k

m

]
q

H̃k (1, q) =
[

n

m + 1

]
q

(
H̃n (1, q) − qm+1

(m + 1)q

)
.

Mansour and Shattuck [9] defined the q-analog of Hr
n and gave some sums related to these

numbers. For example, let n and r be positive integers. For 0 ≤ s ≤ r − 1,

Hr
n(1, q) =

n∑
k=1

qk(r−s)
[
n + r − s − k − 1

r − s − 1

]
q

Hs
k(1, q),

and for 0 ≤ s ≤ r,

Hr
n(1, q) =

s∑
k=0

qk(n−s+k)
[

s

k

]
q

Hr−k
n−s+k(1, q).

2. A q-analog of the generalized hyperharmonic numbers of order r

In this section, firstly, we will give the definition of q-analog of the generalized hyper-
harmonic numbers of order r, Hr

n(α).

Definition 2.1. For r < 0 or n ≤ 0, Hr
n (α, q) = 0 and for n, r ≥ 1, we write

Hr
n (α, q) =

n∑
k=1

qkHr−1
k (α, q) , (2.1)

where H0
n (α, q) = q−1

nqαnq .

It is clear that for n, r > 1,

Hr
n (α, q) = qnHr−1

n (α, q) + Hr
n−1 (α, q) . (2.2)

Theorem 2.2. For n ≥ 1, Hn (α, q) = qH̃n (α, 1/q) .
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Proof. From the q-analog of the generalized harmonic numbers Hn (α, q) , we have

Hn (α, q) = 1
1qα1q

+ 1
2qα2q

+ ... + 1
nqαnq

,

and by the definition of nq,
Hn (α, q)

= 1
1α1 + 1

(1 + q)α(1+q) + ... + 1
(1 + q + q2 + ... + qn−1)α(1+q+q2+...+qn−1) .

Multiplying both sides by 1/q and using n1/q, we get

1
q

Hn (α, q) =
1
q

1α1 +
1
q2(

1 + 1
q

)
α1+q

+
1
q3(

1 + 1
q + 1

q2

)
α(1+q+q2)

+ ...

+
1

qn(
1 + 1

q + 1
q2 + ... + 1

qn−1

)
α(1+q+q2+...+qn−1)

=
n∑

k=1

1/qk

k1/qαkq
= H̃n (α, 1/q) .

Thus, the proof is complete. �

Lemma 2.3. Let m and r be positive integers such that 0 < m ≤ r − 1. For n > 0,

r−m−1∑
k=0

qk(n+1)
[
n + r − k − 1

r − k − 1

]
q

=
[
n + r

n + 1

]
q

− q(n+1)(r−m)
[
n + m

n + 1

]
q

.

Proof. Consider
r−m−1∑

k=0
qk(n+1)

[
n + r − k − 1

r − k − 1

]
q

=
r−1∑
k=0

qk(n+1)
[
n + r − k − 1

r − k − 1

]
q

− q(r−m)(n+1)
m−1∑
k=0

qk(n+1)
[
n + m − k − 1

m − k − 1

]
q

.

By (1.1), we have the sum as follows:
t−1∑
k=0

qk(n+1)
[
n + t − k − 1

t − k − 1

]
q

=
[

n + t

n + 1

]
q

. (2.3)

Thus, taking t = r, m in (2.3), resp., we write
r−m−1∑

k=0
qk(n+1)

[
n + r − k − 1

r − k − 1

]
q

=
[
n + r

n + 1

]
q

− q(n+1)(r−m)
[
n + m

n + 1

]
q

,

as the claim result. �
Now, with the help of (1.1), we can give the following result.

Lemma 2.4. Let m and r be positive integers such that 0 < m ≤ r − 1. For n > 0,
n∑

k=0
qk(m−r)

[
r + k − m − 1

k

]
q

= qn(m−r)
[
n + r − m

n

]
q

. (2.4)

Theorem 2.5. For n, r ≥ 1 we have
r∑

k=1
qn(r−k)Hk

n−1(α, q) = Hr
n(α, q) − qnr−1

nqαnq
.
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Proof. We prove this by induction on r. For r = 1,

1∑
k=1

qn(1−k)Hk
n−1(α, q) = H1

n−1(α, q).

By (2.2), we have
1∑

k=1
qn(1−k)Hk

n−1(α, q) = H1
n(α, q) − qn−1

nqαnq
.

Now assume that the claim is true for r − 1. Thus we show that the claim is true for r.
Then

r∑
k=1

qn(r−k)Hk
n−1(α, q) = Hr

n−1(α, q) +
r−1∑
k=1

qn(r−k)Hk
n−1(α, q)

= Hr
n−1(α, q) + qn

r−1∑
k=1

qn(r−1−k)Hk
n−1(α, q).

By the induction hypothesis and (2.2), we get
r∑

k=1
qn(r−k)Hk

n−1(α, q) = Hr
n−1(α, q) + qn

(
Hr−1

n (α, q) − qn(r−1)−1

nqαnq

)

= Hr
n(α, q) − qnr−1

nqαnq
.

The desired result is obtained. �

Theorem 2.6. For every ordered pair (α, r) ∈ R+ × Z+, we have

Hr
n (α, q) =

n∑
k=1

[
n + r − k − 1

r − 1

]
q

qrk−1

kqαkq
. (2.5)

Proof. We prove this by induction on n. For n = 1, by (2.1), we have

Hr
1 (α, q) =

1∑
k=1

qkHr−1
k (α, q) = qHr−1

1 (α, q)

= q
1∑

k=1
qkHr−2

k (α, q) = q2Hr−2
1 (α, q)

= ... = qrH0
1 (α, q) = qr−1 1

1qα1q

= qr−1

α
=
[
r − 1
r − 1

]
q

qr−1

1qα1q
=

1∑
k=1

[
r − k

r − 1

]
q

qrk−1

kqαkq

=
1∑

k=1

[
1 + r − k − 1

r − 1

]
q

qrk−1

kqαkq
.

Assume that the claim is true for n − 1. Thus we show that the claim is true for n. By
Theorem 2.5, we have

Hr
n (α, q) =

r∑
k=1

qn(r−k)Hk
n−1 (α, q) + qrn−1

nqαnq
.
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By the induction hypothesis, we get
Hr

n (α, q)

=
r∑

k=1
q(r−k)n

n−1∑
t=1

[
n + k − t − 2

k − 1

]
q

qkt−1

tqαtq

+ qrn−1

nqαnq

=
n−1∑
t=1

1
tqαtq

r−1∑
k=0

[
n + k − t − 1

k

]
q

qt(k+1)−1+n(r−k−1)

+ qrn−1

nqαnq
.

From (2.4), we have

Hr
n (α, q) =

n−1∑
t=1

[
n + r − t − 1

r − 1

]
q

qrt−1

tqαtq
+ qrn−1

nqαnq

=
n∑

t=1

[
n + r − t − 1

r − 1

]
q

qrt−1

tqαtq
,

as claimed. �
Theorem 2.7. For n ≥ 1 and 1 6 m ≤ r, we have

Hr
n(α, q) =

n−1∑
k=0

qm(n−k)
[
k + m − 1

m − 1

]
q

Hr−m
n−k (α, q).

Proof. From (2.5), we have

Hr
n(α, q) =

n∑
k=1

[
n + r − k − 1

r − 1

]
q

qrk−1

kqαkq
.

Taking r − m − 1, m − 1, n − k + r − 2 instead of p, m, n in (1.1), resp., we write
Hr

n(α, q)

=
n∑

k=1

n−k∑
i=0

qmi

[
n − i − k + m − 1

m − 1

]
q

[
i + r − m − 1

r − m − 1

]
q

 qrk−1

kqαkq

=
n∑

k=1

 n∑
i=k

qmi

[
n − i + m − 1

m − 1

]
q

[
i − k + r − m − 1

r − m − 1

]
q

 q(r−m)k−1

kqαkq

=
n∑

i=1
qmi

[
n − i + m − 1

m − 1

]
q

i∑
k=1

[
i − k + r − m − 1

r − m − 1

]
q

q(r−m)k−1

kqαkq

=
n∑

i=1
qm(n−i+1)

[
i + m − 2

m − 1

]
q

n−i+1∑
k=1

[
n − i + 1 + r − m − k − 1

r − m − 1

]
q

q(r−m)k−1

kqαkq

=
n∑

i=1
qm(n−i+1)

[
i + m − 2

m − 1

]
q

Hr−m
n−i+1(α, q)

=
n−1∑
i=0

qm(n−i)
[
i + m − 1

m − 1

]
q

Hr−m
n−i (α, q).

Thus, the proof is complete. �
Theorem 2.8. For 0 < m < r < n, we have

m∑
k=1

qk(n−m+k)
[
m

k

]
q

Hr−k
n−m+k(α, q) = Hr

n(α, q) − Hr
n−m(α, q).
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Proof. By (2.5), we have

m∑
k=1

qk(n−m+k)
[
m

k

]
q

Hr−k
n−m+k(α, q)

=
m∑

k=1
qk(n−m+k)

[
m

k

]
q

n−m+k∑
i=1

[
n − m + r − i − 1

r − k − 1

]
q

q(r−k)i−1

iqαiq

=
m∑

k=1
qk(n−m+k)

[
m

k

]
q

n−m∑
i=1

[
n − m + r − i − 1

r − k − 1

]
q

q(r−k)i−1

iqαiq

+
m∑

k=1

n−m+k∑
i=n−m+1

qk(n−m+k−i)
[
m

k

]
q

[
n − m + r − i − 1

r − k − 1

]
q

qri−1

iqαiq

=
n−m∑
i=1

qri−1

iqαiq

m∑
k=1

qk(n−m+k−i)
[
m

k

]
q

[
n − m + r − i − 1

r − k − 1

]
q

+
m∑

k=1

k∑
i=1

qk(k−i)
[
m

k

]
q

[
r − i − 1
r − k − 1

]
q

qr(i+n−m)−1

(i + n − m)qα(i+n−m)q
,

and applying some elementary operations, equals

=
n−m∑
i=1

qri−1

iqαiq

m∑
k=1

qk(n−m+k−i)
[
m

k

]
q

[
n − m + r − i − 1

r − k − 1

]
q

+
m∑

i=1

m∑
k=i

qk(k−i)
[
m

k

]
q

[
r − i − 1
r − k − 1

]
q

qr(i+n−m)−1

(i + n − m)qα(i+n−m)q

=
n−m∑
i=1

qri−1

iqαiq

m∑
k=1

qk(n−m+k−i)
[
m

k

]
q

[
n − m + r − i − 1

r − k − 1

]
q

+
n∑

i=n−m+1

m∑
k=i−n+m

qk(k−i+n−m)
[
m

k

]
q

[
r − i + n − m − 1

r − k − 1

]
q

qri−1

iqαiq

=
n−m∑
i=1

qri−1

iqαiq

m∑
k=1

qk(n−m+k−i)
[
m

k

]
q

[
n − m + r − i − 1

r − k − 1

]
q

+
n∑

i=n−m+1

qri−1

iqαiq

n−i∑
k=0

qk(k+i−n+m)
[

m

k + i − n + m

]
q

[
r − i + n − m − 1

r − k − i + n − m − 1

]
q

=
n−m∑
i=1

qri−1

iqαiq

m∑
k=0

qk(n−m+k−i)
[
m

k

]
q

[
n − m + r − i − 1

r − k − 1

]
q

−
n−m∑
i=1

qri−1

iqαiq

[
n − m + r − i − 1

r − 1

]
q

+
n∑

i=n−m+1

qri−1

iqαiq

n−i∑
k=0

qk(k+m−(n−i))
[

m

n − i − k

]
q

[
r − i + n − m − 1

k

]
q

.



q-analog of the generalized hyperharmonic numbers of order r, 2101

With help of q-analog of Vandermonde identity (1.2), we can show that for m ≤ r − 1,

m∑
k=1

qk(n−m+k)
[
m

k

]
q

Hr−k
n−m+k(α, q)

=
n−m∑
i=1

[
n + r − i − 1

r − 1

]
q

qri−1

iqαiq
+

n∑
i=n−m+1

[
n + r − i − 1

r − 1

]
q

qri−1

iqαiq

−
n−m∑
i=1

[
n − m + r − i − 1

r − 1

]
q

qri−1

iqαiq

=
n∑

i=1

[
n + r − i − 1

r − 1

]
q

qri−1

iqαiq
−

n−m∑
i=1

[
n − m + r − i − 1

r − 1

]
q

qri−1

iqαiq

= Hr
n (α, q) − Hr

n−m (α, q) ,

as claimed. �

3. Some applications for the q-analog of the generalized hyperharmonic
numbers of order r

In this section, we define an n × n matrix An = [ai,j ] with ai,j = Hr
i (j, q) and an n × n

matrix Cn = [ci,j ] with ci,j = Hs
i (j, q).

Now we can give the following theorem:

Theorem 3.1. For n > 0, we have

An = FnCn, (3.1)

where the n × n matrix Fn = [fi,j ] with

fi,j =
{

qj(r−s)[i−j+r−s−1
i−j

]
q

if i ≥ j,

0 otherwise,

where 0 ≤ s ≤ r − 1.

Proof. It is clear that a1,1 = Hr
1(1, q) = qr−1 = f1,1c1,1. For i = 1, j > 1, we write

n∑
k=1

f1,kck,j

=
n∑

k=1
qk(r−s)

[
r − s − k

1 − k

]
q

Hs
k(j, q)

= qr−sHs
1(j, q) = qr−s qs−1

j
= qr−1

j
= Hr

1(j, q) = a1,j .
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For i > 1 and j ≥ 1, we obtain
n∑

k=1
fi,kck,j

=
n∑

k=1
qk(r−s)

[
i + r − s − k − 1

i − k

]
q

Hs
k(j, q)

=
i∑

k=1
qk(r−s)

[
i + r − s − k − 1

i − k

]
q

k∑
t=1

[
k + s − t − 1

s − 1

]
q

qst−1

tqjtq

=
i∑

t=1

qrt−1

tqjtq

i∑
k=t

q(k−t)(r−s)
[
i + r − s − k − 1

i − k

]
q

[
k + s − t − 1

s − 1

]
q

=
i∑

t=1

qrt−1

tqjtq

i−t+s−1∑
k=s−1

q(k−s+1)(r−s)
[
i + r − t − k − 2

r − s − 1

]
q

[
k

s − 1

]
q

.

Taking s − 1 = p, i − t + r − 2 = n and r − s − 1 = m in (1.1), we get
i∑

t=1

[
i + r − t − 1

r − 1

]
q

qrt−1

tqjtq
= Hr

i (j, q) = ai,j ,

as claimed. �

Theorem 3.2. For n > 0, the inverse of Fn has the terms as follows:

f−1
i,j =

{
(−1)i+j q−i(r−s)+(i−j

2 )[r−s
i−j

]
q

if 0 ≤ i − j ≤ r − s + 1,

0 otherwise.

Proof. For i = j, we have
n∑

k=1
f−1

i,k fk,i

=
n∑

k=1
(−1)i+k q−i(r−s)+(i−k

2 )+i(r−s)
[
r − s

i − k

]
q

[
k − i + r − s − 1

k − i

]
q

=
n∑

k=1
(−1)i+k q(i−k

2 )
[
r − s

i − k

]
q

[
k − i + r − s − 1

k − i

]
q

= 1.

Similarly, for i ̸= j, we have
n∑

k=1
f−1

i,k fk,j = 0. Thus, the proof is complete. �

Corollary 3.3. For 1 ≤ n ≤ r − s + 1, then

Hs
n (α, q) =

n∑
k=1

(−1)n+k q−n(r−s)+(n−k
2 )
[

r − s

n − k

]
q

Hr
k (α, q) .

Proof. Equating (n, α)-entries of the matrix multiplication F −1
n An = Cn gives the claimed

result. �

Acknowledgment. The authors are grateful to the reviewer for helpful comments.

References
[1] G.E. Andrews, The Theory of Partitions, Addison-Wesley, Reading Mass., 1976.
[2] M. Bahşi and S. Solak, An application of hyperharmonic numbers in matrices, Hacet.

J. Math. Stat. 42 (4), 387–393, 2013.



q-analog of the generalized hyperharmonic numbers of order r, 2103

[3] A.T. Benjamin, D. Gaebler and R. Gaebler, A combinatorial approach to hyperhar-
monic numbers, Integers, 3, 1–9, 2003.

[4] A.T. Benjamin, G.O. Preston and J.J. Quinn, A Stirling encounter with harmonic
numbers, Math. Mag. 75 (2), 95–103, 2002.

[5] J.H. Conway and R.K. Guy, The Book of Numbers, Copernicus, 1996.
[6] M. Genčev, Binomial sums involving harmonic numbers, Math. Slovaca, 61 (2), 215–

226, 2011.
[7] H.W. Gould, Combinatorial Identities, Morgantown, W. Va., 1972.
[8] C. Kızılateş and N. Tuğlu, Some combinatorial identities of q-harmonic and q-

hyperharmonic numbers, Communications in Mathematics and Applications 6 (2),
33–40, 2015.

[9] T. Mansour and M. Shattuck, A q-analog of the hyperharmonic numbers, Afrika Mat.
25 (1), 147–160, 2014.

[10] N. Ömür and G. Bilgin, Some applications of the generalized hyperharmonic numbers
of order r, Hr

n(α), Adv. Appl. Math. Sci. 17 (9), 617–627, 2018.
[11] N. Ömür and S. Koparal, On the matrices with the generalized hyperharmonic numbers

of order r, Asian-Eur. J. Math. 11 (3), 1850045, 2018.
[12] J.M. Santmyer, A Stirling like sequence of rational numbers, Discrete Math. 171

(1-3), 229–235, 1997.
[13] M. Sved, Gaussians and binomials, Ars Combin. 17-A, 325–351, 1984.


